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FURTHER EXAMINATION OF THE BALANCE OF ANGULAR MOMENTUM
IN THE MATURE HURRICANE

Richard L. Pfeffer
Air Force Cambridge Research Center

[Menuscript received January 17, 1958]

ABSTRACT

The Angular momentum equation for an arbitrary
rotating system in the atmosphere is examined. It
is shown that the Coriolis torque serves to redis-
tribute relative angular momentum without altering
to any marked degree the total amount within the
system. In particular, where the action of the Cor-
iolis torque tends to develop a cyclone near the
ground it must tend to develop an equally intense
anticyclone aloft. In order that a rotational sys=-
tem, such as the hurricane, develop through a con-
siderable depth of the atmosphere, the tendency for
an upper level anticyclone to be created by the Cor-
iolis torque must be compensated by a transport of
angular momentum into the system. An observational
study is presented which shows that, in the case of
the mature hurricane, both azimuthal-mean motions
and horizontal-eddy processes play important roles
in accomplishing this transport.

1. INTRODUCTION

In a previous article the writer (Pfeffer [3])examined the balance of
angular momentum ebout the axis of rotation of the mature hurricane. It was
shown there that the frictional drain of cyclonic (positive) angular momentum
from the atmosphere into the earth which takes place within the cyclonic core
of the hurricane is compensated by a transport of angular momentum into the
hurricane from the surrounding atmosphere. The results of the observational
study suggest, furthermore, that horizontal-eddy processes (characterized by
mass exchanges in horizontal planes) are responsible for the transport of an-
gular momentum from the surrounding atmosphere into the region which borders
the high-wind zone of the hurricane, and that vertical-eddy processes (char-
acterized by mass exchanges in vertical Planes passing through the axis of ro-
tation) are responsible for the transport of angular momentum from this supply
region into the high-wind zone.

The integrals which were measured in [3] appear in the equation for the
time rate of change of angular momentum integrated through the vertical depth
of the atmosphere. In this equation the term which explicitly measures the




effect of the earth's rotation is negligible in comparison with the other
terms since its contribution in the lower portion of the atmosphere is oppo-
site in direction and nearly equal in magnitude to its contribution at higher
levels. This equation cannot, therefore, be used to study the role of the
earth's rotation in the angular momentum balance of the hurricane.

It is the purpose of the present article to present a more detailed
study in which the angular momentum baslance of the lower and upper portions
of the hurricane are examined separately. The present formulation permits an
investigation of the role of the earth's rotation as well as certain other
aspects of hurricane dynamics which could not be treated using the vertically
integrated form of the angular momentum equation.

2. THEORETICAL CONSIDERATIONS

The angular momentum of a parcel of air about an arbitrary vertical axis
which is fixed with respect to the earth can vary only as a result of torques
exerted on the parcel by external agencies. Adopting a spherical polar co-
ordinate system (r,A@, 6 ) with origin at the center of the earth, where r
is linear distance from the origin, A¢ is angular distance measured from the
chosen axis, and © is azimuth measured positive in the counterclockwise sense,
we may express this principle without sensible error in the form,

PIET =" 56 - PRO (1)

where M is the absolute angular momentum per unit mass about the specified
axis, R =r s1n¢1¢ is linear distance from this axis, p is pressure, p is
density, D is the component of the viscous force per unit mass in the 9-dir-
ection, and t is time.

We shall let V represent that portion of a conical volume, with vertex
located at the center of the earth, which extends from the surface of the
earth to the "top" of the atmosphere. Such a volume is shown schematically
in figure 1. In the figure a is the radius of the earth, S is area measured
along the vertical wall, (A ¢) is the angular distance of the wall of the

cone from the axis and ¢O is the latitude of the axis. It may be seen from

the diagram that the portion of the cone which lies ebove the surface of the
earth closely approximates & cylindrical volume with radius Ry = a sin (45¢)

As noted by Starr [5], if the axis of such a cylinder is made to coincide with
the axis of rotation of a rotating wind system, and if the size of the cylinder
is chosen properly, the angular momentum conteined within the volume consti-
tutes a measure of the intensity of the system.

Integrating (1) over the volume, V, and making use of the contlnuity eq-
uation for mass and Gauss' theorem we may write,

5% fpmv = {pMCndS +fp1vmso -5%’ av -prDdV, (2)

v SO v ‘V
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Figure 1. - Schematic picture of conical volume.

where SO is the area of the lower boundary of the conical section, Cn is the

component of velocity in the negative AY direction and w is the vertical com-
ponent of velocity (positive upward). Equation (2) states that the total an-
gular momentum (about the chosen axis) contained within V may vary as a result
of the flux of angular momentum across the boundaries of this volume and in

consequence of torques due to pressure gradients and to viscosity respectively.

Meking use of the identity,

M=M +M =RC, + R® o sin %o

T

where CT is the component of velocity in the direction of o, and Mﬁ = RCT is

the component of angular momentum associated with the motion of the atmosphere
relative to the surface of the earth, and Mm = R? o sin ¢6 (where w is the

angular velocity of the earth) is the component of angular momentum associated
with the rotation of the atmosphere with the earth, we may rewrite (2) in the
form,

il
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Now, it can be shown that,

2 / [
- Bz-vfm{div + A ;mg&a{as + 3 pb%gﬂiﬁo
0

]

j pfnRCndV - j Pf,_Rwdv, (%)
v v

2 (w sin ¢O) sin &A@ .

"

where f =2 (w sin ¢O) cos A¢ and £

Thus, the difference between the inward transport of Mm and the time rate of
change of %m is identically the "Coriolis torque"” on the fluid within the vol-

ume. Introducing (4) into (3) we obtain

3 v f { J
Et.J: pMRdj = 2 pMchéS + 2 thwdSo + pfnRCndV - pwade'—
0

\'4

Lg—gdv-prDdV .. (5)

\'

It may be noted that the pressure torque term,

J;gg av = .gjﬁ(f &, 9) r® sinAg a (Ag)ar, |

will give a contribution only if the path of integration in the 6 -direction
is obstructed by a topographical barrier along which there exists a horizontal
pressure gradient. The magnitude of this torque depends on the structure of
the irregularity and the magnitude of the pressure gradient. This so-called
"mountein torque" has been shown to be of some importance in the general cir-
culation problem (White [7]) and may be of importance also in connection with
the formation of cyclonic disturbances to the lee of high mountain barriers.
This term vanishes identically, however, if no topographicel barriers are
present. It cennot, therefore, be of importance in connection with systems,
such as the hurricane, which spend most of their life cycles over the ocean
or over flat land. In such cases the term‘]'pMﬁde vanishes also, and (5)

takes the form, So

T PR T T
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pM vV = pPM_C as + pf RC 4V - pf RwdV - PRDAV . (6)
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With the aid of the’hydrostatic equation we may express the Coriolis
torque as follows:

_ , 2 2, Jdp _
J/r pfnRCndV - ‘j/ pwade = w sin ¢b MéT(RS - RY) St av =

\'4 A2
w sin ¢ f 2 5. Op
0 0
- (Rg - RY) 5o 45, . (7)
Eb

where Py is the pressure at the ground, g ié the acceleration of'gravitx,and

Ry is the distance of the conical wall from the axis. When apb is positive
this term tends to increase the angular momentum within the volume, and vice
versa.. This is exactly opposite to the observed behavior of the atmosphere.

in the hurricane indicate that this term is négligible in comparison with the
other terms on the right hand side of (6). Equation (6) therefore reduces to,

2, o - fonges - f
3t J pMRd\ = DMRCndS - PRDAV . (8)
v , S \

It might appear, therefore, that the earth's rotation has g negligible effect
on the rate of change of relative angular momentum within the volume. This is
not, however, the case as our intuition leads us to believe. The immediate

out altering to any measureable degree the sum total of the relative angular

. momentum within the volume. That is, although the Coriolis integral is negli-
gible when taken over the entire volume of the conical section which lies
between the surface of the earth and the top of the atmosphere, the integrand
takes on significant non-zero values on a point-for-point basis. Thus, at
individual points, inward motion generates cyclonic angular momentum and out-
ward motion generates anticyclonic angular momentum. The accumulation of

To determine the way in which the motions of the atmosphere are organized
to bring about this transport of angular momentum, we may make use of the
identity,

g=lal +[q)]" +q', (9a)
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where q may be any quantity and,

]
[q]=2-l;qu9;q=q-[q]
n
. 1 X . )
q =p— f adp; 4 =g -q .
% -
When q = Cn’ equation (9a) reduces to,
" ]
C, == [Cn] +C (9v)

since ICnl is negligible in comparison with the other quantities in (9b).
"
The quantity [Cn] is associated with mass exchanges in vertical Planes which
]
pass through the axis of the conical volume, and the quantity Cn is associated

with mass exchanges which take place in horizontal planes. In accordance with
the terminology adopted in [3], such mass exchanges will be called'vertical-
eddy" processes and "horizontal-eddy" pbrocesses, respectively.

With the use of (9a) and (9b) the first term on the right hand side of
(8) may be expressed in the form,

2 '\
2 R et ——————— [ L H
l PMC dS ~ 7 gpo {[CT]" c 1" + {c,I, ¢, j . (10)

The vertical and horizontal-eddy transports of angular momentum which appear
in (10) were evaluated in [3].

The last term in (8) measures the total torque exerted on the air within
the volume due to friction. Two factors may contribute to this integrail.
The first is the torque exerted by molecular and small-scale viscosity along
the boundaries of the volume, and the second is the torque exerted by the
underlying surface (i.e. skin friction). 1In all probability the effects of
molecular and small-scale eddy viscosity are of a much lower order of magni-
tude than the surface wing stress and may in fact be neglected in comparison
with it. 1In this case the friction term may ve expressed in the form of an
integral over the surface of intersection between the volume and the earth,
as follows,

3 (47 o |
-J PRDAV = - 2rp Kr So sin A¢[fclcT]Od(A¢), (11)

where K is the coefficient of skin friction, [ C{ is the absolute wind speecd,
and the subseript zero refers to quantities measured at the ground. In the
derivation of (ll), use was made of the relationship,
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Figure 2. - Schematic picture showing time variation of relative angular

momentum within a conical volime during the passage of a hurricane.

o = - ek (lclcy,
where‘tg is the surface stress (see Stanton [4] and Taylor [6D.

We next consider the time variation of the relative angular momentum
within the volume as a hurricane passes through it. During the approach of
the storm the relative angular momentum increases (perhaps sporadically, since
the intensity of a hurricane may undergo large fluctuations even in the mature
stages of its life cycle). It attains its meximum value at about the time the
eye of the hurricane reaches the axis of the conical volume, and then decreases
progressively, as shown schematically in figure 2. We now select a time in-
terval, At = ty = tl, (fig. 2) such that, (1) The maximum value of the in-

tegral jprRdV lies within this interval, and (2) The magnitude of the in-
\'i

tegraldr pMRdV is the same at the end of this interval as it was at the be-
\'s

ginning. If we integrate (8) over At the left hand member vanishes and we

have,
t, £,
= p - 0] . a8
0 j M.C_dsdt RDAVAtL (12a)
n
t, /s (N



Alternately, at t = tm we could write,

0 = L pMRCndS - fv PRDAV . (t-= tm) (12b)

Equation (12b), together with (10) and (11), formed the basis for the obser-
vational study presented in [3]. As noted earlier, however, this form of the
angular momentum equation is not suited for a study of the role of the earth's
rotation. We shall now put the equations into g form which is suitable for
such a study.

Perhaps the most obvious effect of the earth's rotation occurs in con-
nection with the fact that the radial motions in the hurricane are inward in
the lower portion of the atmosphere and outward sloft. To study this aspect
of the earth's rotation we may integrate the angular momentum equation over
a conical volume which extends through only a limited depth of the atmosphere.
For this problem the Coriolis torque and the vertical transport of angular
momentum into the volume do not vanish. 1In particular, if we consider two
such volumes, one extending from the surface of the earth (where w is assumed
‘to be zero) to a level near 600 mb. and the other from this level to a level
bear the tropopause (where w is again assumed to be zero), equation (12b)
would be replaced by

0 =fs pMRCndSu + J; pMRwdSO + fv pf'nRCndV, (t = tm) (13a)
0

u u

0 ='fs pMchdsL —L pMRwdSO + fv pfnRCndV - fv pRDdVL, ( tztm)
L 0

L L
(13b)
and equation (10) would be replaced by
b
2 l[ " ”
2nR " 'y
LpMchdSu = = L 1l'C_T] [c, 1 + [cpl e 1 + [CTCn]}dp, - (1%a)
u J
J s, - 2 et 1" 1
o PGSy = = . Gl Te ] +1lcn) (e + [ciC )i dap, (14v)
L 1

where the subscripts u and L refer to the upper and lower volumes, respec-
tively, and p, is the breéssure at the boundary between the two volumes. In
(13a, b) we have neglected the integraluf pwade in comparison with

\'4

, l;pfnRCndV, and we have assumed that the frictional torgue acts only in the




lower portion of the atmosphere.

Since the first term on the right hand side of (lla, b) vanishes when
the integration is taken over the entire depth of the atmosphere, this term
can serve only to redistribute angular momentum between the lower and upper
volume. It will be convenient to combine this term with the second term on
the right to obtain,

2 P
2xR " '
SSup cds = 2 jo { (el [c,] + [cq ¢, ]} ap (1ke)
2 Pg on [
c as 2xR [c)c] + [c,c ] ap . 1kq)
jSLpMRn L:é—Spl{ ' oy T “n f P (

The first term on the right hend side of (1lY%c,d) measures the contribution of
azimuthally averaged motions to the horizontal transport of angular momentum
into each volume, and the second term measures the contribution of horizontal-
eddy processes to this transport.

The vertical transport of angular momentum across the boundary between
the lower and upper volumes may be expressed in the form,

f pMaS, = 2nr” zgsinz)llgl ; [egl [w] + [CT'w']} aag) , (25)

%

and the Coriolis torque may be written as follows:

-~

jpf‘nRCnqu Lt (wsin¢0) o~ Sc;pl i¢ (cos Ag) (sinea¢)[cn] "d(A ¢) ap

v g
u
(162)

(1]

3 ~%o » "
szfnRCndVL o M (“Bin%) r Ll -/Egi (cos Ag) (sinaA ¢)[Cn] a(A g) ap.

(16p)

The remainder of this article is devoted to a quaentitative evaluation of
the angular momentum balance of the lower and upper portions of the atmosphere )
as described in equations (13a,b). Use will be made of equations (1llc,d),
(15), (16a,b) and (11) in evaluating each of the terms in (13a,b).
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5. DATA AND COMPUTATIONAL PROCEDURE

The data employed in the Present investigation were derived from com-
posite wind charts of the mature hurricane prepared by Jordan [2] and Hughes
[1]. It should be made clear at the outset that these charts do not capture
all features of the flow patterns found in individual hurricanes. In partic-
ular, those features which do not have the same relative position in one hur-
ricane that they have in another tend to be suppressed. When processes which
depend on such features are evalusted from composite wind charts, therefore,
their magnitudes are underestimated. We consider, for example, the horizontal-
eddy transport of angular momentum. Since this transport depends largely on
the shape and location of each of the surrounding systems, which differ from
one hurricane to another, the evaluations presented in [3j and in the present
study probably underestimate its magnitude. On the other hand, the horizontal
transport of angular momentum by azimuthal-mean motions should be less sub-
Ject to such errors since it depends on a feature which has the same relative
location in all hurricanes, nemely a circulation with inflow near the ground
(where the maximum cyclonic angular momentum is found) and outflow aloft
(where the minimum cyclonic angular momentum is found). These limitations in
the data should be kept in mind when evaluating the results of the present

.study.

The composite wind data were used to study the balance of angular mo-
mentum in each of two volumes, one bounded by the conical walls Ag = 2° angd
£.¢ = 14°, and the other by A¢ = ko and A¢ = 6°, Each volume was, in turn,
divided into a lower and an upper portion, the former bounded by p = 1000 mb.
and p = 600 mb. and the latter by p = 600 mb. and P = 125 mb., and the balance
of angular momentum in each was examined separately.

The computational procedures used to evaluate the terms in equation
(1k4c,da) were those employed in [3], and the values of friction were taken
directly from [3]. In regard to the remeining terms it may be noted that
both the Coriolis torque and the vertical transport of angular momentum by
azimuthal-meen motions are sensitive to violations in mass continuity due to
errors in the data. Although there are many ways in which such violations
might be corrected for, it seems reasonable to alter the data as little as
possible in attempting to arrive at estimates of such sensitive effects. One
completely objective method of adjusting for mass continuity consists in using
the approximate expression (9b) systematically throughout the development, or
equivalently, replacing [Cn] by [Cn]" wherever it appears in the equations.

Accordingly, [Cn]" was used in the continuity equation in the computation of

the vertical velocity at 600 mb. averaged over each of two annular rings,
namely 2°4 AQ £ 4° and 4°< A @ < 6°. 1In this computation, local changes

of density were assumed to be zero, and the vertical motion was assumed to
vanish at the ground and at 125 mb. The values of the vertical motion obtained
in this way were used in the evaluation of the vertical transport of angular
momentum by azimuthal-mean motions, and the quantity [C_]" was used in the
eveluation of the Coriolis torque. n

Since vertical motion is not measured directly it would be necessary to




use a somewhat analogous procedure in order to evaluate the second term in
(15). Instead of computing the mass flux into a volume which encloses the
center of the hurricane, one would compute the mass flux into a smell volume
enclosing each grid point on the conical wall and use the continuity equation
to determine the vertical motion at that point. Since w is a sensitive quan-
tity to compute, and since the main deviations of w from its azimuthal-mean
value are associated with the spiral bends of the hurricane, which do not
show up on the composite wind charts, the evaluation of the quantity

LI ]
[CT w ] from these charts would yield results of questionable significence.

For this reason, and also because a great deal of computation has to be per-

formed in evaluating it, it was decided not to compute this term at the pres-
ent time. It is recognized, however, that to establish the complete momentum
cycle it will be necessary ultimately to estimate the magnitude of this term.

L. RESULTS

The balance of angular momentum in the volumes bounded by the conical
walls A¢ = 2° and A¢ = 14°, end by A ¢ = 4° and A ¢ = 6°, is presented in
table 1. 1In evaluating these results it should be realized that they are more
sensitive to error than those in [3] since the convergence of angular momentum
into annular rings is generally a small difference between individually large
fluxes. Thus, only the most gross aspects of these results may be considered
reliable.

Table 1. Convergence of the angular momentum flux and frictional drain within
the volumes 2°¢ A ¢ < 4° and 4°<£ A ¢<6°, based on the composite wind charts.

1l wit = lO23 gm. cm.2 sec. .
AY 2° - ° he - 6°

Horizontal transport of angular
momentum by azimuthal-mean motions +6.8 -1.2

Horizontal transport of angular
momentum by horizontal eddies +2.8 +3.9

Total transport of

angular momentum +9.6 +2.7
Frictionsl drain of
angular momentum +8.5 +12.3

Comparison of the last two rows in table 1 reveals thatthere is a large
discrepancy between the estimated angular momentum transport and the estimated
frictional drain of angular momentum within the volume 4°< A @ < 6°. This is
not, however, the case in the volume 2°¢ & ¢ £ 4°, where the two estimates
show good agreement. Focusing attention on rows 1 and 2 of column 1 we find
that azimuthal-mean motions accomplish most of the transport of angular




12

momentum into the inner volume. Although the magnitude of the horizontal -
eddy transport into this volume might be under-estimated by the present data,
the errors involved would represent a comparatively small percentage of the
total transport of angular momentum into this volume. In the outer volume,
however, the contribution of azimuthal-mean motions to the net transport of
angular momentum is slightly negative. Since the megnitude of this process
is comparatively small in this volume, errors in the estimate of the horizon-
tal-eddy transport would comprise a large fraction of the total transport of
angular momentum into this volume. Owing to the fact that the horizontal-
eddy transport is more readily affected by the averaging that is done in the
construction of composite wind charts, it is reasonable to expect, therefore,
that the deficiencies in the outer volume are mede up in the real atmosphere
by this process. The horizontal-eddy transport of angular momentum could,

in fact, be substantially more importent than the present measurements in-
dicate.

A further breakdown of the results is shown in tables 2 and 3, where
the angular momentum balance of the lower and upper layer of each volume is
presented. Equation (13a,b) provides the basis for this analysis. As noted
earlier, this equation includes contributions due to the Coriolis torque and
also to vertical transports of angular momentum. Table 2 gives the balance
of angular momentum in the lower layer. According to the results, the Coriolis
torque contributes most to the total within both the inner and outer volumes.
In addition, the horizontal transport of angular momentum into the inner vol-
ume is accomplished mainly by azimuthal-mean motions, whereas in the outer
volume this transport is due primarily to horizontal eddies. The vertical
transport of angular momentum is apparently quite small, with an upward trans-
port indicated in the inner ring and a downward transport in the outer ring.
Comparison of the last two rows shows good agreement between the total of
these effects and the frictional drain.

Table 2. Angular momentum balance of the lower portion of the atmosphere
(1000 mb. to 600 mb), based on the composite wind charts. 1 unit =

1023 an. cm.2 sec.-2.

_

AP 2° - k° be - 6°

Horizontel transport of angular
momentum by azimuthal-mean

motions +2.2 -0.1
Horizontal transport of angular

momentum by horizontal eddies 4+0.8 +2.6
Coriolis torque +5.h +7.8

Vertical transport of angular
momentum by azimuthal-mean

motions -0.5 +0.4
Total +7.9 +10.7

Frictional drain of
angular momentum +8.5 +12.3




Table 3. Angular momentum balance of the upper portion of the atmosphere
(600 mb to 125 Mb), based on the composite wind cherts. 1 unit =

lO23 gm. cm. sec. 2.

A¢ o° _ }° ke - 6°
Horizontal transport of
angular momentum by azimuthal-
mean motions +4.6 -1.1
Horizontal transport of
angular momentum by horizontal
eddies +2.0 +1.3
Coriolis torque 5.4 -7.8
Vertical transport of
angular momentum by azimuthal-
mean motions +0.5 -0.4
‘I'otal +107 -800
Frictional drain of
angular momentum 0 0

Since the Coriolis torque provides a positive contribution in the lower
portion of the atmosphere, it must provide an equal and opposite negative con-
tribution in the upper portion. Turning to table 3 we find that this term
accounts for a large supply of anticyclonic angular momentum at upper levels
in both the inner and outer volumes. In the inner volume bBoth horizontal
eddies and azimuthal-mean motions tend to fill this up with positive angular
momentum, mainly through horizontal transports. In the outer ring, however,
the horizontal transport of angular momentum by azimuthal-mean motions serves
to drain angular momentum from the upper layer. The only positive contribution
here comes from the horizontal-eddy transport of angular momentum. According
to the present estimates this process is not sufficient to balance the deple-
tion due to other processes, as a comparison of the last two rows indicates.
It will be noted that the discrepancy in this case turns out to be greater
than the largest single contribution from any term in the table. Furthermore,
it is not likely that this discrepancy is made up by the neglected vertical
transport, since this would drain angular momentum from the lower layer, which,
according to table 2, is already slightly deficient. If our earlier specula-
tion is correct, namely that the present measurements underestimate the hori-
zontal transport of angular momentum by horizontal-eddy processes, the con-
clusion to be reached from the above results is that horizontal-eddy processes
serve to make good the deficit of angular momentum which azimuthal-mean motions
(including the Coriolis torque) tend to create in the upper portions of the
outer volume.
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5. CONCLUSIONS

Rotating wind systems, such as the hurricane, generally extend through
great depths of the atmosphere. . Although the Coriolis torgque must play a
vital role in the development of such systems, it cannot account for their
great depth. Where the action of the Coriolis torque sets up a cyclone in
the lower portion of the atmosphere it must set up an equally intense anti-
cyclone in the upper portion. . In order that a cyclonic system develop through
& considerable depth of the atmosphere there must, therefore, be a transport
of cyelonic angular momentum into the volume at upper levels. In the mature
hurricane, within the volume 2°<4 A @ £ 4°, and probably also within 0° <

A¢ < 2°, azimuthal-mean motions trensport inward most of the angular momentum
necegsary to compensate for the Coriolis torque at upper levels. On the other
hend, azimuthal-mean motions do not transport enough engular momentum into the
belt 4°< A g £ 6° to compensate for the Coriolis torque there. In all prob-
ability horizontal-eddy processes make up the balance, although dats teken
from the composite wind charts are evidently not adequete to capture such
effects.
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